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A METHOD OF INVESTIGATING NUMBERS OF THE 
FORMS 6*.»± l.» 

By Lloyd L. Dines 

In a paper published in the January issue of the Annals, Dr. Morehead 
indicated a method for determining the factors of numbers of the form a k ■ s + b 
where a, k and s arc positive integers and b is a positive or negative integer. 
He elaborated the case when a = 2, b = ± 1, and considered briefly the case 
when a = 10. The present paper will describe in some detail the method as 
applied to the case when a = 6, b = ± 1, and will exhibit some results 
obtained. 

X. The Functions a-* and x' t . Let us consider the congruences 

6* • x— 1 = mod j?, (1) 

6* • x + 1 = modp, (2) 

when k is any positive integer and p is any prime greater than 3. [It is 
evident that (1) and (2; would have no solution for p = 2 or 3.] Solutions 
of each of these congruences exist, and are functions of p and k. For any 
particular value of p, we shall call the least positive solution of (1) x k , and 
the least positive solution of (2) x' k . From the linear character of the con- 
gruences (1) and (2), it follows that the functions x k and x k are uniquely 
determined, each being less thanj?- 

These functions possess a number of interesting properties, any or all of 
which may be used as a basis of computation of the functions. We will state 
these properties without proof, merely making reference at the right-hand side 
of the page to the general theorems stated and proven in Dr. Morehead's 
paper. 

2. Properties of x k and x' k . 

1°) x k + x k =p. (§5) 

2°) x k ■ x„ = x k+v modp. (§4, H') 

3°) x[. • x v = xl+ v mod p. (§4, H') 

4°) *l • x' v = x k+r mod p. (§4, H) 

♦ Bead before the Chicago Section of the American Mathematical Society, April 17, 1908. 
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5°) When p is of the form Cm — 1 , 

(a) x k+1 = nx k mod p, (§4, F ) 

(b) x' k+1 = nx' k mod p. 
6°) When p is of the form 6n + 1, 

(«) x k+1 = n^mod p, (§4,^') 

(b) x' k + l = nx k mod p. 

3. Method of Computing x k and x' k . For any fixed value of p, 
and for k —I, the values of x k and x' k are easily determined by the follow- 
ing method. We have identically 6 ( — - — j = 1 mod p. 

Therefore x x = ^ ~ mod p, using the ordinary definition of fractional 

congruences when p + 1 is not divisible by 0. Similarly 6 ( — - — j = — 1 

mod^, and therefore x[ = 3 —jr- niod p. Either"^— or-^— is integral. 

In the former case x 1 = ^—r- , and from property 1°, x[=p — <—-: — . In the 

b o 

P — 1 j fl — 1 
latter case xi = — - — and x x =p T , — . 



After Xj and x\ have been thus determined, the values of x k and x' k for 
consecutive values of /.: can be computed by means of the following recursion 
formulas,* in each of which n has some one of the values 0, 1, 2, 3, 4, 5 : — 

(A\ x Xk + np 

The determination in each case of the value of n necessary to make 

Xk + np an integer less than p, is facilitated by the following simple 

Theorem : If x k is odd, n will be 1 , ?>, or 5. If x k is even, n will be 2 or 4. 
For, in order to be divisible by 6, x k + np must be even. If a; t is odd but 

* Cf. Annals of Mathematics, vol. 10, p. 92 (1909). 
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x k -f np is even, then must np also be odd, and hence n must be odd, i. e., 1, 
3, or 5. If x k is even, then must np also be even, and hence n must be even, 
i. e., 2 or 4. 

Formulas (A) and (J5) afford the easiest method of obtaining the functions 
x k and x' k , while the properties of section 2 can be very profitably used for 
checking the computation. The following table will show the functions x k and 
x' k of four consecutive primes for values of k from 1 to 12 : 
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4. Quadratic Characters of x k and x' k . In the following section 
we shall show how these functions x k and ~x' k can be paired off into two sets, 
such that one set consists of some or all of the quadratic residues, while the 
other set consists of some or all of the quadratic non-residues of any prime 
greater than 3. 

1. Quadratic Character of x' k . 
We have by definition, 6 k x' k +1 = mod^j. Hence 



x 'k = ~ tfi mod p, 



and 




-<rr)<7)®'®'- 
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From the Theory of Quadratic Residues, we know 

(— 1\ _ + 1 when p = Am + 1, 
p ) ~ — 1 when p = 4m + 3 ; 

/2\ + 1 when p = 8m ± 1, 
\p) "" — 1 when _p = 8m ± 3 ; 

/3\ + 1 when p = 12m ± 1, 
\p/ = — 1 when p = 12m ± 5. 

From these formulas and equations (3), we obtain the followng results : 
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* |. (|*)=(+1)(±1)*(±1)* = +1- 

'• (f)=(-l)(±l) i (± !)* = -!• 



When j> =• 
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When p 



111' (f) =( " 1)(±1)i(Tl)i= {-l 
'24m- 7 ] , 

- or ' (?) =(+ i)(±i)*(Ti)*-{+; 

24m- 11 j ^ 7 l 



+ 1 for k odd. 
for k even. 



+ 1 for k even, 
for & odd. 



2. Quadratic Character of x k . 
We have by definition, 6*^. = 1 mod j). Hence 



x h = ^ mod p, 



and 



\p) ~ \pj ~ vp / ~ W W 



(*) 
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From (4) we get the following results : — 

(24m + 1 ^ 

, (|*)=(±l)*(=fcl)*= + l. 
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When p —■ 
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24m- 11 
We can summarize these results in the following convenient form : — 
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As an illustration of the application of these results, we will find all the 
quadratic residues and non-residues of 67. 

The values of x k and x' k for the prime 67 and for k = 1, 2, • • • 33, are : 

k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 
x' k 11 13 58 32 50 53 20 48 8 46 30 5 12 2 45 41 18 
x k 56 54 9 35 17 14 47 19 59 21 37 62 55 65 22 26 49 

k 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 
x k 3 34 28 27 38 51 42 7 57 43 63 44 52 31 61 66 
x h 64 33 39 40 29 16 25 60 10 24 4 23 15 36 6 1 

Now 67 = 24»j — 5. Therefore from (c), the quadratic residues are : 

56, 54, 9, 35, 17, 14, 47, 19, 59, 21, 37, 62, 55, 65, 22, 26, 49, 64, 
33, 39, 40, 29, 16, 25, 60, 10, 24, 4, 23, 15, 36, 6, 1. 

The quadratic non-residues are : 

11, 13, 58, 32, 50, 53, 20, 48, 8, 46, 30, 5, 12, 2, 45, 41, 18, 3, 34, 
28, 27, 38, 51, 42, 7, 57, 43, 63, 44, 52, 31, 61, 66. 

An important use of the residues and non-residues obtained in the above 
manner is found in their application to the factorization of single numbers of 
the form 6*« ± 1. 

5. Application of Functions x k and x[. to the Factorization 
of "Ranges" of Numbers of the Forms 6*.< ± l. Consider any 
number of the form 6*s + 1. The necessary and sufficient condition that this 
number be composite is that there be a number p, such that the congruence 
6*s +1 = mod p be satisfied. In other words, the problem of factoring 
this number reduces to the problem of finding a prime number^, less than 
the square root of 6 A s + 1, such that the x' k function of this number is either 
equal to, or congruent to s, modulo p. In the same way, to factor any 
number 6 k s — 1, it is necessary and sufficient to find a prime number p less 
than the square root of 6's - 1, such that its x k function is equal to, or con- 
gruent to *•, modulus p. If such a number does not exist, in either the first 
case or the second the number under consideration is prime. 
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A table* has been computed by the author, which shows the functions 
x k and x' k of all primes from 5 up to 10,000, for & = 1, 2, 3 ... 12. By a table 
with such limits, it is possible to investigate completely all numbers of the 
forms <6 k s ± 1 (k S 12) up to 100,000,000 and to obtain all factors under 
10,000 of numbers of these forms over 100,000,000. The power of the table 
is better realized when we consider that we now have no factor tables over 
10,000,000. 

The table is most profitably used to investigate "ranges" of numbers of 
the forms 6 k s ± 1 for any fixed value of k and for a series of consecutive 
values of a. The method used is entirely analagous to the method of the 
Sieve of Eratosthenes for determining prime numbers in general. 

We first write down the values of s between the limits considered. 
Then, beginning at the first of the table, we look in the column of the partic- 
ular value of k which is being investigated. If Ave are considering the form 
6*« — 1, we look only at the x k functions. If our form is (y k s + 1, we look 
only at the x' k functions. If the x k (or x' k ) for the first prime, 5, is among 
the value9 of s which we have written down, we cross it out, together with all 
numbers congruent to it modulo 5. All numbers with these values of s are 
divisible by 5, because by the definition of x k {ovx' k ), this value of swill 
satisfy the congruence 6 l 's t1=0 mod 5. Then if the x k (or x[.) of the next 
prime, 7, occurs among the values of s, we cross it out together with all con- 
gruent numbers modulo 7. All numbers having these values of s are divisi- 
ble by 7. Continuing in this way, we cross out all the remaining values of s 
which occur as x k (or x' k ) functions together with numbers which are congruent 
for the corresponding modulus. All numbers having these values of « are 
divisible by the corresponding modulus p. This process need be carried on 
only until p reaches the value V / 6*s t 1 , where s has its maximum value in the 
"range," since a number is prime if it has no factor less than its square root. 
For all values of s remaining after this process, 6 L 's — 1 (or 6*'« +1) is 
prime. 

We will now give a few results obtained in some "ranges" by this 
method. 
Range 1. 6 8 s + 1. s = 200, 201, • - • 300, and 2150, 2151, • • • 2250. 

The numbers are prime for the following values of s: 207, 213, 215, 225, 
-236, 243, 270, 282, 295. 

*In manuscript at the Library of Northwestern University. 
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The numbers corresponding to the following values of s have no factors 
under 10,000: 

2150, 2165, 2166, 2170, 2171, 2175, 2190, 2203, 2225, 2226, 2227, 2241, 
2242, 2247. 

These numbers lie between 9,331,201, and 104,976,001. 

Range 2. 6 6 s - 1. $ = 200, 201, •• • 300, and 2150, 2151, • • • 2250. 

The numbers are prime for the following values of«: 200, 205, 214, 217, 
224, 234, 238, 239, 269, 288, 293, 294. 

The numbers corresponding to the following values of s have no factors 
under 10,000 : 

2163, 2168, 2172, 2180, 2184, 2189,2203,2207,2212,2214,2217,2240, 
2250. 

These numbers lie between 9,331,199, and 104,975,999. 

Range 3. 6 7 « + 1. s = 1, 2, • • • 400. 

The numbers are prime for the following values of s : 

3, 10, 17, 18, 25, 33, 45, 47, 52, 53, 60, 62, 75, 83, 86, 100, 110, 112, 

121, 126, 131, 133, 138, 140, 145, 150, 163, 165/170, 171, 172, 182, 186, 

187, 200, 215, 226, 237, 241, 242, 255, 256, 272, 273, 276, 280, 283, 286, 
293, 300, 303, 307, 313, 335, 341, 347, 348, 353. 

The numbers corresponding to the following values of s have no factors 
under 10,000 : 

361, 371, 385, 391, 396, 398. 

These numbers lie between 279,937 and 111,974,401- 

Range 4. 6 7 s - 1. s = 1, 2, • • • 400. 

The numbers are prime for the following values of s : 

5, 9, 33, 39, 49, 53, 64, 65, 75, 78, 82, 98, 105, 108, 124, 127, 133, 134, 
142, 152, 163, 168, 175, 177, 179, 185, 187, 189, 199, 203, 213, 214, 219, 
224, 225, 229, 233, 234, 239, 253, 255, 257, 259, 277, 278, 285, 287, 297, 
298, 308, 310, 312, 319, 322, 333, 352, 357. 
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The numbers corresponding, to the following values of a have no factors 
under 10,000: 

362, 364, 369, 375, 383, 390, 394, 400. 

These numbers lie between 279,935, and 111,974,399. 

Range 5. 6*s + 1. « = 1, 2, • • • 100. 

The numbers are prime for the following values of s : 

3, 10, 21,23, 25, 31, 46, 50, 58. 

The numbers corresponding to the following values of s have no factors 
under 10,000 : 

66, 67, 72, 87, 93. 

These numbers lie between 1,679,617 and 167,961,601. 

Range 6. 6 8 s - 1. 5 = 1,2,-.. 100. 

The numbers are prime for the following values of s : 

13, 18, 28, 39, 40, 55, 59. 

The numbers corresponding to the following values of s have no factors 
under 10,000 : 

65, 70, 73, 79, 83, 95. 

These numbers lie between 1,679,615, and 167,961,599. 
Range 7. 6 9 « + 1. .s = 1, 2, • • • 100. 

The numbers corresponding to the following values of .s have no factors 
under 10,000 : 
10, 11, 12, 26, 47, 48, 51, 53, 55, 62, 65, 68, 72, 73, 81, 87, 91, 97, 98, 100. 

These numbers lie between 10,077,697, and 1,007,769,601. 

Range 8. 6 9 s - 1. .< = 1, 2, • • • 100. 

The value .-< = 3 gives a prime. 

The numbers represented by the following values of .s have no factors 
under 10,000 : 

19, 35, 38,-43, 53, 70, 75, 80, 85, 89, 98. 
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These numbers lie between 10,077,695 and 1,007,769,599. 
Range 9. 6 10 s + 1. 8=1,2,... 100. 

The numbers represented by the following values of s have no factors 
under 10,000 : 

2, 8, 12, 18, 28, 31, 52, 53, 56, 58, 70, 71, 95. 

These numbers lie between 60,466,177 and 6,046,617,601. 

Range 10. 6 10 s - 1. s = 1, 2, . . . 100. 

The numbers represented by the following values of s have no factors 
under 10,000. 

19, 24, 30, 37, 38, 44, 53, 58, 60, 68, 69, 70, 72, 87, 94. 

These numbers lie between 60,466,175, and 6,046,617,599. 

The numbers which have been designated as having no factors under 
10,000 have been spoken of thus because the range of the table used is not 
great enough to determine absolutely that they are prime. Probably most of 
them are prime. 

A number of very interesting observations can be made from the few 
results which we have tabulated. Notice, for instance, the consecutive 
values of s which give primes (or for those above 100,000,000 probabh r 
primes) : — 

Range 1: 2165,2166; 2170,2171; 2225, 2226, 2227; 2241, 2242. 

Range 2 : 238, 239 ; 293, 294. 

Range 3 : 17, 18 ; 52, 53 ; 170, 171, 172 ; 186, 187 ; 241, 242 ; 255, 256 ; 

272, 273. 
Range 4 : 64, 65 ; 133, 134 ; 213, 214 ; 233, 234 ; 277, 278 ; 297, 298. 
Range 5 : 66, 67. 
Range 6 : 39, 40. 

Range 7 : 10, 11, 12 ; 47, 48 ; 72, 73 ; 97, 98. 
Range 9: 52, 53; 70, 71. 
Range 10: 37, 38 ; 68, 69, 70. 
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More interesting than these, perhaps, are the "prime pairs" (primes 
differing by 2) , which are found in these ranges. 

These occur, of course, whenever any value of s makes both 6*s + 1 and 
6*» — 1 prime. The following "prime pairs" (those over 100,000,000 prob- 
ably prime) are found in the above ranges : — 
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The numbers of the first pair mentioned, i. e.,"102, 783,167 and 102,783, 
169"fall above one hundred million, the limit of the table above described, but 
they have been further tested and found to be prime. They are believed to 
constitute the largest prime pair known at present. 

In conclusion we would call attention to the advantages of this method in 
determining prime numbers in general. Since all primes greater than 3 are 
of the forms 6« ± 1, if we take k — 1, in the method described above, and 
let a have consecutive values, all primes may be computed by making use of 
the first column of the table. The advantages of this over the ordinary "sieve" 
method are that the numbers to be handled are very much smaller, and only 
one third as many have to be examined. 

Northwestern University, 
Evanston, III. 



